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Abstract
The interaction between a ♦-type four-level atom and a single-mode field in the pres-
ence of Kerr medium with intensity-dependent coupling involving multi-photon processes
has been studied. Using the generalized (nonlinear) Jaynes-Cummings model, the exact
analytical solution of the wave function for the considered system under particular con-
dition, has been obtained when the atom is initially excited to the topmost level and the
field is in a coherent state. Some physical properties of the atom-field entangled state
such as linear entropy showing the entanglement degree, Mandel parameter, mean photon
number and normal squeezing of the resultant state have been calculated. The effects of
Kerr medium, detuning and the intensity-dependent coupling on the temporal behavior
of the latter mentioned nonclassical properties have been investigated. It is shown that
by appropriately choosing the evolved parameters in the interaction process, each of the
above nonclassicality features, which are of special interest in quantum optics as well as
quantum information processing, can be revealed.
1 Introduction
In the field of quantum optics, one of the exactly solvable models which describes the interac-
tion between a two-level atom with a single-mode cavity field is the Jaynes-Cummings model
(JCM) in the rotating wave approximation (RWA) [1]. This model has been widely studied
both theoretically and experimentally by many researchers during recent decades and many
interesting physical features have been remarked upon [2]. For instance, one may refer to
atomic population inversion [3, 4, 5, 6, 7], quadrature squeezing [8, 9], photon anti-bunching
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[10], entanglement [11], atomic dipole squeezing [12, 13] and so on. This model has been ex-
tended in different directions such as multi-mode fields [14, 15, 16], multi-atoms interaction
[17, 18], multi-level atoms [19] and Kerr nonlinearity [20]. The interaction between two-level
and different types of three-level atoms with quantized cavity field have been reviewed by Yoo
and Eberly in [2]. Also, in recent years, researchers have strongly focused on the nonlinear
interaction between a two- or multi-level atom with cavity field which leads to the deformed
JCM. The latter nonlinear JCM, which firstly suggested in [21, 22] describes the dependence
of atom-field coupling on the light intensity. The revival-collapse phenomenon in the quadra-
ture squeezing has been observed in the interaction between a two-level atom with single-mode
cavity field of the multi-photon intensity-dependent JCM [23]. A nonlinear Jaynes-Cummings
model which constructed from the standard JCM by deforming the single-mode field operators
using f -deformed oscillator introduced by Man,ko et al [24] has been studied in [25].
The nonlinear interaction between a three-level atom in Λ- and V -configuration with a two-
mode field under a multi-photon process has been studied respectively in [26] and [27]. The
interaction between a Λ- and V -type three-level atom with intensity-dependent coupling in a
Kerr medium respectively studied in [28] and [29]. Recently, one of us has studied the entangle-
ment dynamics of the nonlinear interaction between a Λ-type three-level atom with a two-mode
cavity field in the presence of a cross-Kerr medium and its deformed counterpart [30], intensity-
dependent atom-field coupling and the detuning parameters [31, 32]. Also, the authors have
investigated a three-level atom in motion which interacts with a single-mode field in an optical
cavity in an intensity-dependent coupling regime [33]. Sub-Poissonian statistics, population
inversion and entropy squeezing of two two-level atoms interacting with a single-mode binomial
field have been discussed in the intensity-dependent coupling regime in [34]. Very recently, we
investigated the effect of Kerr medium, Stark shift, detuning and time-dependent coupling on
the behaviour of quantum properties in the full nonlinear interaction regime of a two-level atom
with a single-mode cavity field [35].
Besides the above mentioned works, one of the interesting generalizations of the JCM is the
interaction between a four-level atom with a single-mode cavity field. There are different-types
of four-level atoms such as λ-type, Y -type, N -type, ♦-type, ladder-type and so on. The inter-
action between different types of four-level atoms with a single-mode field has been studied in
[36, 37, 38, 39]. The interaction between a four-level N -type atom and two-mode cavity field in
the presence of a Kerr medium has been investigated in [40]. The interaction between a four-
level atom in different configurations (i.e. Y , λ and ladder configurations) with a single-mode
field under multi-photon process with additional forms of nonlinearities of both: ”field” and
”atom-field coupling” has also been studied in [41]. In the present work we will deal with the
interaction between a ♦-type four-level atom [42] with a single-mode cavity field with intensity-
dependent coupling and multi-photon processes in a cavity containing a Kerr medium. A lot of
attentions has been paid to the four-level ♦ atomic configuration in the literature. For instance,
it has frequently been demonstrated as a model for observing pressure-induced resonances [43].
Also, it can be found in experimental works with gases of alkali-earth atoms which aim at
optical frequency standards [44] or at reaching the quantum degeneracy regime by all-optical
means [45]. In addition, this kind of atomic structure has been proposed for the generation of
ultraviolet laser gain through the laser without inversion method [46]. Interestingly, this con-
figuration reduces to V - and Λ-type three-level atom by respectively eliminating the topmost
and bottommost states of the atom. This fact helps us to check our numerical results which
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will be presented. Accordingly, we particularly choose ♦ configuration for the four-level atom
in our considered matter-wave interaction.
One of the main consequences of the above interactions is the appearance of the entanglement.
Entanglement is a key resource which distinguishes quantum information theory from the clas-
sical one. It plays a central role in many potential applications such as quantum information
[47], quantum teleportation [48], quantum cryptography [49], quantum computation [47, 48]
and dense coding [50]. The degree of entanglement can be evaluated via different measures,
such as von Neumann entropy [51], linear entropy [52], concurrence [53] and so on. The entropy
of the field (atom) is a very useful operational measure of the purity of any atom-field quantum
system. The time evolution of the field entropy shows the degree of entanglement (DEM); the
higher the entropy, the greater the entanglement. In addition, we will pay attention to the
most favorite nonclassical features known sub-Poissonian photon statistics [54] and collapse
and revival of atomic population [3]. Other than the above two criteria, in quantum optics,
the squeezing phenomena is described by decreasing the quantum fluctuations in one of the
field quadratures with the price of an increase in the corresponding conjugate quadrature. The
squeezed light has various applications such as in optical communication networks [55], gravi-
tational wave detection [56] and in optical waveguide tap [57]. Furthermore, the generation of
squeezed states has been predicted in a number of nonlinear optical systems [8]. Consequently,
in this paper, after obtaining the exact analytical solution of the entire state vector of the
system we shall also examine the effects of the Kerr medium, intensity-dependent coupling and
detuning on the time evolution of linear entropy, Mandel parameter, mean photon number and
normal squeezing. Finally, the results are compared with the well-known results of V -type and
Λ-type three-level atoms.
This paper is organized as follows. In section 2 the generalized Hamiltonian for the atom-field
system is introduced and by solving the corresponding Schro¨dinger equation, the probability
amplitudes at any time for the whole system has been obtained by specifying particular initial
conditions of atom and field. The temporal evolution of the linear entropy (DEM), Mandel
parameter, mean photon number, normal squeezing and the effects of the Kerr medium, de-
tuning and intensity-dependent coupling on the evolution of mentioned properties for single-
and two-photon processes are studied in sections 3. At last, a summary and conclusions are
presented in section 4.
2 The model and its solution
Let us consider a four-level atom with ♦-configuration (has been depicted in Fig. 1) with
topmost state |1〉, ground state |4〉 and two intermediate states |2〉 and |3〉 with the only allowed
transitions |1〉 → |2〉, |1〉 → |3〉, |2〉 → |4〉 and |3〉 → |4〉. Ignoring level |1〉 and |4〉 reduces this
configuration to three-level V - and Λ-type, respectively. This four-level atom interacts with a
single-mode cavity field via an intensity-dependent coupling regime in an optical cavity field
in the multi-photon processes involving a Kerr medium. Based on the JCM formalism, as the
full quantum mechanical approach to the problem, our proposed model can be appropriately
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described by the Hamiltonian:
Hˆ =
4∑
j=1
ωjσˆjj + Ωaˆ
†aˆ+ λ1(Aˆ
kσˆ12 + Aˆ
†kσˆ21) + λ2(Aˆ
kσˆ13 + Aˆ
†kσˆ31)
+λ3(Aˆ
kσˆ24 + Aˆ
†kσˆ42) + λ4(Aˆ
kσˆ34 + Aˆ
†kσˆ43)+χaˆ
†2aˆ2, (1)
where σˆij = |i〉〈j| is the atomic raising or lowering operator, aˆ and aˆ† are respectively the
bosonic annihilation and creation operators of the cavity field, χ describes the dispersive part
of the third-order nonlinearity of the Kerr medium and λj , j = 1, 2, 3, 4 are the atom-field
coupling constants. Also, the deformed operators Aˆ and Aˆ† have been defined as:
Aˆ = aˆf(nˆ) = f(nˆ+ 1)aˆ, Aˆ† = f(nˆ)aˆ† = aˆ†f(nˆ+ 1), (2)
where f(nˆ) is a function of the number operator (intensity of light), a well-known operator-
valued function in the nonlinear coherent state approach [24, 58, 59]. A deep insight on the
Hamiltonian (1) indicates that, it is a natural generalization of atom-field interaction with con-
stant coupling by replacing λj with λjf(nˆ).
In order to obtain the explicit form of the wave function for our system, we solve the time-
dependent Schro¨dinger equation i ∂
∂t
|ψ(t)〉 = Hˆ|ψ(t)〉. For the assumed system, the wave func-
tion at any time t can be written in the following form:
|ψ(t)〉 =
∞∑
n=0
qn[A(n, t)e
−iγ1t|1, n〉+B(n + k, t)e−iγ2t|2, n+ k〉
+ C(n+ k, t)e−iγ3t|3, n+ k〉+D(n+ 2k, t)e−iγ4t|4, n+ 2k〉 ], (3)
where A(n, t), B(n+k, t), C(n+k, t) and D(n+2k, t) are the probability amplitudes of finding
the atom in states |1〉, |2〉, |3〉 and |4〉 and
γ1 = ω1 + Ωn,
γ2 = ω2 + Ω(n+ k),
γ3 = ω3 + Ω(n+ k),
γ4 = ω4 + Ω(n+ 2k). (4)
We suppose that the field is initially prepared in the coherent state and the atom enters the
cavity in the exited state |1〉. Thus, the initial wave function is given by:
|ψ(t = 0)〉 =
∑
n
qn|1, n〉, qn = exp(−|α|
2
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)
αn√
n!
. (5)
The equations of motion for the probability amplitudes are obtained by substituting |ψ(t)〉 from
(Eq. 3) and Hˆ from (Eq. 1) in the time-dependent Schro¨dinger equation. Consequently, one
arrives at the following four first-order coupled differential equations:
i
dA(n, t)
dt
= V1A(n, t) + f1e
−i∆1tB(n+ k, t) + f2e
−i∆2tC(n+ k, t), (6)
4
i
dB(n+ k, t)
dt
= V2B(n + k, t) + f1e
i∆1tA(n, t) + g1e
−i∆3tD(n+ 2k, t), (7)
i
dC(n+ k, t)
dt
= V2C(n + k, t) + f2e
i∆2tA(n, t) + g2e
−i∆4tD(n+ 2k, t), (8)
i
dD(n+ 2k, t)
dt
= V3D(n+ 2k, t) + g1e
i∆3tB(n + k, t) + g2e
i∆4tC(n + k, t), (9)
where we supposed:
f1 = λ1
√
(n+ k)!
n!
[f(n+ k)]!
[f(n)]!
, f2 = λ2
√
(n+ k)!
n!
[f(n + k)]!
[f(n)]!
,
g1 = λ3
√
(n+ 2k)!
(n+ k)!
[f(n+ 2k)]!
[f(n+ k)]!
, g2 = λ4
√
(n+ 2k)!
(n+ k)!
[f(n+ 2k)]!
[f(n+ k)]!
,
V1 = χn(n− 1), V2 = χ(n + k)(n+ k − 1),
V3 = χ(n+ 2k)(n+ 2k − 1),
∆1 = ω2 − ω1 + kΩ, ∆2 = ω3 − ω1 + kΩ,
∆3 = ω4 − ω2 + kΩ, ∆4 = ω4 − ω3 + kΩ, (10)
and [f(n)]!
.
= f(n)f(n − 1) · · ·f(1) with [f(0)]! .= 1. Now, by considering the particular
condition ω2 = ω3, the levels |2〉 and |3〉 are indeed degenerate and so ∆1 = ∆2 and ∆3 = ∆4 (see
equation (10)). Also, without loss of generality, one may suppose that, λ1 = λ2 = λ3 = λ4 = λ
which readily leads one to f1 = f2 = f and g1 = g2 = g. Under these conditions, the probability
amplitudes B(n + k, t) and C(n + k, t) satisfy similar differential equations which lead us to
conclude that B(n + k, t) = C(n + k, t). Consequently, the considered atom-field system has
appropriate analytical solution. It ought to be mentioned that, C(n + k, t) = B(n + k, t) has
different consequences from the cases B(n + k, t) = 0 (C(n + k, t) 6= 0) or C(n + k, t) = 0
(B(n + k) 6= 0), the latter cases reduce the ♦-type four-level to Ξ-type three-level atoms.
Therefore, the coupled system of differential equations for the probability amplitudes (Eqs.
(6-9)) can be reduced to
i
dA(n, t)
dt
= V1A(n, t) + 2fe
−i∆1tB(n + k, t), (11)
i
dB(n + k, t)
dt
= V2B(n+ k, t) + fe
i∆1tA(n, t) + ge−i∆3tD(+2k, t), (12)
i
dD(n+ 2k, t)
dt
= V3D(n+ 2k, t) + 2ge
i∆3tB(n + k, t), (13)
Moreover, it is worth to mention that, even though we are handling with only three differential
equations in our calculations, however, the fourth one still exists as idC(n+k,t)
dt
= V2C(n+k, t)+
fei∆1tA(n, t)+ ge−i∆3tD(n+2k, t) and therefore, one can not conclude that the four-level atom
has been reduced to three-level system. Our particular condition only leads us to the result
B(n + k, t) = C(n + k, t). By assuming D(n + 2k, t) = eiµt, the Eqs. (11), (12) and (13) lead
us to the third-order algebraic equation
µ3 + x1µ
2 + x2µ+ x3 = 0, (14)
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where
x1 = V1 + V2 + V3 −∆1 − 2∆3,
x2 = −2(f 2 + g2) + V1V2 + V1V3 + V2V3 −∆3(V1 + V3)− (∆1 +∆3)(V2 + V3 −∆3),
x3 = −2V3f 2 + (∆1 +∆3 − V1)(2g2 + V3∆3 − V3V2). (15)
Eq. (14) has generally three different roots which may be found [60] as follows:
µj = −1
3
x1 +
2
3
√
x21 − 3x2 cos
(
φ+
2
3
(j − 1)pi
)
, j = 1, 2, 3,
φ =
1
3
cos−1
[
9x1x2 − 2x31 − 27x3
2(x21 − 3x2)3/2
]
. (16)
By considering D(n + 2k, t) as a linear combination of eiµjt and after straightforward calcula-
tions, we obtain the probability amplitudes in the form
A(n, t) =
1
2f
3∑
j=1
[(µj + V3)(µj + V2 −∆3)− 2g2]bj exp[i(µj −∆1 −∆3)t],
B(n + k, t) = C(n+ k, t) = −1
2
3∑
j=1
(µj + V3)bj exp[i(µj −∆3)t],
D(n+ 2k, t) = g
3∑
j=1
bj exp(iµjt), (17)
where
bj =
2f
µjkµjl
, j 6= k 6= l = 1, 2, 3, (18)
with µjk = µj − µk. The above coefficients for the probability amplitudes satisfy the initial
conditions for atom and field (B(n + k, 0) = C(n + k, 0) = D(n + 2k, 0) = 0, A(n, 0) = 1),
recalling that the initial state for the atom is the topmost state |1〉. Therefore, even though
the chosen interacting atom-field system seems to be complicated, we could still find the exact
analytical solution of the problem. By setting f(n) = 1 in all above relations in this section, one
readily obtains the special case of the considered atom-field interaction with constant coupling
containing its final solution.
3 Physical properties
Now, which we obtained the probability amplitudes (and so the explicit from of the wave
function of the entire system), we are able to study the quantum dynamical properties of the
atom and field such as linear entropy, Mandel parameter, mean photon number and normal
squeezing. It is worth mentioning that choosing different nonlinearity functions f(n) leads to
different physical results. Altogether, in the continuation of this paper, we select particularly the
intensity-dependent coupling as f(n) = 1/
√
n. This function has been obtained by Man,ko et
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al [24] (where the corresponding coherent states have been named by Sudarshan as harmonious
states [61]). We particularly choose this function since, in addition, it enables us to compare
our further numerical results with V - and Λ-type three-level atoms respectively in Refs. [29]
and [28].
3.1 Linear entropy
As is well-known, entanglement [11] is a property that, can be naturally found in the composite
quantum systems and perhaps is the most striking feature of quantum optics. The quantum
dynamics associated with the presented atom-field quantum system leads to the entanglement
between the atom and field. The time evolution of the entropy of the field or atom shows the
degree of entanglement (DEM). Among different measures of DEM, in the considered quantum
system, we use the linear entropy [62] which is defined as:
S(t) = 1− Tr(ρ2A(t)). (19)
The density matrix of the atom-field system is ρAF (t) = |ψ(t)〉〈ψ(t)|, where |ψ(t)〉 is given by
Eq. (3). Then, the reduced atomic density matrix can be obtained by tracing over the field as
follows
ρA(t) = TrF (ρAF (t)) =


ρ11 ρ12 ρ13 ρ14
ρ21 ρ22 ρ23 ρ24
ρ31 ρ32 ρ33 ρ34
ρ41 ρ42 ρ43 ρ44

 . (20)
The matrix elements in Eq. (20) at any time t can be given as
ρ11 =
∞∑
n=0
PnA(n, t)A
∗(n, t),
ρ22 =
∞∑
n=0
PnB(n + k, t)B
∗(n+ k, t),
ρ44 =
∞∑
n=0
PnD(n+ 2k, t)D
∗(n+ 2k, t),
ρ12 =
∞∑
n=0
qn+kq
∗
nA(n + k, t)B
∗(n+ k, t)ei∆1t,
ρ14 =
∞∑
n=0
qn+2kq
∗
nA(n + 2k, t)D
∗(n+ 2k, t)ei(∆1+∆3)t,
ρ24 =
∞∑
n=0
qn+kq
∗
nB(n + k, t)D
∗(n+ 2k, t)ei∆3t,
ρ33 = ρ32 = ρ23 = ρ22, ρ13 = ρ
∗
21 = ρ
∗
31 = ρ12,
ρ41 = ρ
∗
14, ρ34 = ρ
∗
24 = ρ
∗
34 = ρ24. (21)
Consequently, the linear entropy for the considered atom-field system is in the following form:
S(t) = 1− (ρ211 + 4ρ222 + ρ244 + 4(|ρ12|2 + |ρ24|2) + 2|ρ14|2). (22)
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In figures 2 and 3, we have plotted the linear entropy of the atom versus scaled time for
single-photon (k=1) and two-photon (k=2) processes for the chosen parameters, respectively. In
these figures (and also figures 4-7 which will be presented in the continuation of the paper), left
and right plots concern respectively with the absence (f(n) = 1) and presence (f(n) = 1/
√
n)
of the intensity-dependent coupling. Frames (a) corresponds to the absence of both Kerr effect
and detuning (χ = 0,∆1 = ∆3 = 0), (b) corresponds to the presence of Kerr medium and exact
resonant condition (χ = 0.4,∆1 = ∆3 = 0), (c) deals with the absence of Kerr medium and the
nonresonance case (χ = 0,∆1 = 7,∆3 = 15) and finally (d) takes into account the presence of
both Kerr medium and detuning (χ = 0.4,∆1 = 7,∆3 = 15). As is observed from the figures
2, 3, in general, the maximum values of S(t) are decreased in the intensity-dependent coupling
regime, when it is compared with the corresponding figures with constant coupling in all of the
cases. In other words, the intensity-dependent coupling causes a reduction in the entanglement
degree of the atom-field system. Also, as is seen from the right plot of figure 2(a) (as well as
3(a)), whereas the Kerr medium and detuning are disregarded, a regular oscillatory behavior
for the time evolution of the linear entropy is revealed in the presence of intensity-dependent
coupling (the same result can be seen in figure 2(c) (as well as 3(c)) where the detuning is
entered). Comparing the nonlinear regime of the cases k = 1 (k = 2) shows that the presence
of both Kerr medium and detuning increases (decreases) the maximum amount of entropy and
so the entanglement degree of the bipartite system. If one compares, in the same manner, the
linear regime of the cases k = 1 (k = 2) it may be observed that, depending on the presence
or absence of the considered parameters, the entropy can be tuned appropriately. Finally, it
should be noticed that, according to our further calculations (not shown here), if we use of
the concurrence for measurement the entanglement between the atom and field by using the
following definition [63]
C =
√
2
∑
i,j=1,2,3,4,i 6=j
(ρiiρjj − ρijρji), ρij = 〈i|ρA(t)|j〉, i, j = 1, 2, 3, 4 (23)
the obtaining results qualitatively confirm the outcome conclusions from the linear entropy.
3.2 Quantum statistics
Among several quantities for the investigation of the nonclassicality of quantum states, we
pay attention to the Mandel parameter. This parameter for a single-mode light field has been
defined as follows [64]
Q =
〈n2〉 − 〈n〉2
〈n〉 − 1. (24)
If −1 ≤ Q < 0 (Q > 0) the field statistics is sub-Poissonian (super-Poissonian) and Q = 0
shows the Poissonian statistics. Using the wave function for our considered system, it is easily
seen that:
〈n〉 =
∞∑
n=0
Pn
[
n|A(n, t)|2 + 2(n + k)|B(n+ k, t)|2 + (n+ 2k)|D(n+ 2k, t)|2] (25)
〈n2〉 =
∞∑
n=0
Pn
[
n2|A(n, t)|2 + 2(n+ k)2|B(n + k, t)|2 + (n+ 2k)2|D(n+ 2k, t)|2] , (26)
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where Pn = |qn|2 is the Poissonian photon distribution of the initial coherent field and A(n, t),
B(n+ k, t) and D(n+ 2k, t) have been determined in Eq. 17.
We examine the effects of the Kerr medium, intensity-dependent coupling, detuning and
multi-photon processes on the temporal evolution of the Mandel Q parameter in figures 4, 5
for single- and two-photon processes, respectively. In the left plots (f(n) = 1) of figures 4
and 5, Mandel parameter varies between positive and negative values, which means that the
photons display super- or sub-Poissonian statistics for different intervals of times, alternatively.
The same behavior can be seen in the right plots of figures 4(d), 5(a), 5(b) and 5(d) for the
nonlinear case with f(n) = 1/
√
n. But, from the right plots of figures 4(a), 4(b) and 4(c),
where the intensity-dependent coupling is present, we observe that the Mandel parameter is
always negative. Also, the right plot of figure 5(c) shows the full super-Poissonian statistics
of field at all times. Comparison between left with right plots of figure 4 which is plotted for
k = 1 (unless the case 4(d)) show that the intensity-dependent coupling disappears the super-
Poissonian statistics parts of the field. Typical collapse-revival phenomenon is clearly seen for
all of the cases in figures 4, 5, unless the especial cases 4(a), 4(c), 5(a), 5(c) which possess a
periodic behaviour. In particular, entering simultaneously the Kerr and the detuning effects
leads to the observation of the collapse and revivals which are a nonclassical feature (compare
4(a) with 4(d) and also 5(a) with 5(d)).
We end this subsection with an overview on the mean photon number distribution in an
explicit manner [41, 65]. By using Eq. (25), in figures 6 and 7, we have depicted the time
evolution of mean photon number versus the scaled time λt for the chosen parameters similar
to figures 2 and 3, respectively. We can see the collapse-revival phenomena as a nonclassical
sign in all frames of these figures except the right plots of figures 6(a), 6(c), 7(a) and 7(c)
which have a regular behaviour in scaled time. In general, comparing 6(a) and 6(d) indicates
that entering the detuning and Kerr effect causes a decrease in the maximum values of mean
number of photons (the same situation is observed in 7(a) and 7(d)). In the nonlinear case,
when the Kerr medium and detuning are present, the collapse-revival phenomenon is clearly
occurred with the single-photon process (see right frames of (b) and (d) in figure 6) as well as
with the two-photon process (see right frames of (b) and (d) in figure 7).
3.3 Normal squeezing
To investigate the squeezing properties of the field, we introduce two quadrature field operators
xˆ = (aˆ+ aˆ†)/2 and yˆ = (aˆ− aˆ†)/2i. Therefore, these operators satisfy the uncertainty relation
(∆xˆ)2(∆yˆ)2 ≥ 1/16. Consequently, a state is said to be squeezed in the variable xˆ (yˆ) if
(∆xˆ)2 < 1/4 ((∆yˆ)2 < 1/4). Equivalently, if we define Sx = 4(∆xˆ)
2 − 1 and Sy = 4(∆yˆ)2 − 1
squeezing occurs in xˆ (yˆ) component if −1 < Sx < 0 (−1 < Sy < 0). These parameters can be
rewritten as follows:
Sx = 2〈aˆ†aˆ〉+ 〈aˆ2〉+ 〈aˆ†2〉 − (〈aˆ〉+ 〈aˆ†〉)2, (27)
Sy = 2〈aˆ†aˆ〉 − 〈aˆ2〉 − 〈aˆ†2〉+ (〈aˆ〉 − 〈aˆ†〉)2, (28)
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where 〈aˆ†aˆ〉 is given by Eq. (25) and the expectation value of arbitrary powers of the field
operator can be easily calculated as:
〈aˆr〉 = 〈aˆ†r〉∗ =
∞∑
n=0
q∗nqn+r[
√
(n+ r)!
n!
A∗(n, t)A(n + r, t)
+ 2
√
(n+ k + r)!
(n + k)!
B∗(n+ k, t)B(n+ k + r, t)
+
√
(n+ 2k + r)!
(n + 2k)!
D∗(n + 2k, t)D(n+ 2k + r, t)] (29)
Figure 8 shows the temporal behavior of the normal squeezing in xˆ-component (left plots) and
in yˆ-component (right plots) in the nonlinear case (f(n) = 1/
√
n), without Kerr medium and
detuning. Frames (a) and (b) have been plotted for k = 1 and k = 2, respectively. We can see
from this figure that, the squeezing exists in the xˆ quadrature and no squeezing is occurred in
the yˆ quadrature. Also, with comparing the left plots of 8 one observes that, in addition to the
fact that, in the single-photon process the system is always quadrature squeezed, the depth of
squeezing is smaller than the two-photon process. It should be noticed that, according to our
further calculations (not shown here), generally, there is no squeezing in the quadratures xˆ and
yˆ for the linear case f(n) = 1 and also for f(n) = 1/
√
n in the presence of the Kerr medium
and/or detuning.
4 Summary and conclusion
In this paper we studied the interaction between a degenerate ♦-type four-level atom with
a single-mode cavity field, where k-photon transition is allowed and the Kerr-medium and
intensity-dependent coupling are present. Fortunately, we could solve the dynamical problem
and found the explicit form of the wave function of the whole atom-field system analytically,
in particular condition where the middle levels of the ♦-type four-level atom are considered
to be degenerate. we also supposed that, the atom enters the cavity in the topmost state and
the field is initially prepared in a coherent state. We investigated the linear entropy, Mandel
Q parameter, mean photon number and normal squeezing as the most favorite nonclassicality
features. Even though our formalism can be used for any nonlinearity function, we particu-
larly have chosen the nonlinearity function f(n) = 1/
√
n for our numerical calculations. The
obtained results can be summarized as follows:
• The temporal evolution of linear entropy (entanglement), Mandel parameter, mean pho-
ton number and normal squeezing are sensitive to Kerr medium and detuning.
• The maximum value of the DEM for the linear regime (f(n) = 1) is greater than the
nonlinear regime (f(n) = 1/
√
n). Indeed, entering this nonlinearity function reduces the
DEM.
• The Kerr medium in the presence of detuning decreases the maximum value of DEM,
unless for the linear case with two-photon process.
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• By comparing figures 2(a) and 2(b) with similar figures in [29] and [28] , it is clear that,
the DEM between atom and field for the ♦-type four-level atom is greater than DEM for
the V -type and it is smaller than that for the Λ-type three-level atoms.
• The intensity-dependent coupling changes the quantum statistical behaviour of the atom-
field state to a full sub-Poissonian statistics for the single-photon process (unless in the
presence of both Kerr medium and detuning), although its depth of negativity has been
reduced. Also, typical collapse-revival, as a nonclassical behaviour is seen.
• The time evolution of the mean photon number shows the collapse-revival phenomenon
as a nonclassicality sign of the considered system unless for the nonlinearity case without
Kerr effect and detuning (figures 6(a) and 7(a)), and also with detuning (figures 6(c) and
7(c)).
• There is no normal squeezing in the linear case and also nonlinear case in the presence
of Kerr medium, detuning and both of them. Moreover, for the nonlinear case in the
absence of Kerr effect and detuning it can be observed, too. The depth of the squeezing
in the quadrature xˆ is greater for two-photon process as compared with the single-photon
process.
Finally, it ought to be mentioned that, our presented formalism has the potential ability
to be applied for all well-known nonlinearity functions such as the center of mass motion of
trapped ion [66], photon-added coherent states [67, 68], deformed photon-added coherent
states [69], q-deformed coherent states [70, 71, 72, 73] etc as well as different initial atom
and radiation field states. But, clearly our presented results are limited to the chosen f(n)
for the intensity dependent regime. Obviously, selecting other nonlinearity functions may
lead to new and perhaps more interesting conclusions which can be done else where. We
have not discussed the effect of the initial field photon number in detail for all cases,
but it is obvious that the results may be affected directly by this parameter, as well as
all discussed parameters. Altogether, this is also a tunable parameter for achieving the
discussed physical features.
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